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Exam Mechanics & Relativity 2017–2018
WPPH16006 (part Ib) and NAMR2

January 26, 2018

INSTRUCTIONS

• Use a black or blue pen.

• Write the name of your tutor and/or group on the top right-hand corner of the first
sheet handed in, and deposit your work in the box with your tutor’s name.

• This exam comprises 4 problems. The first three problems require clear arguments
and derivations, all written in a well-readable manner, the last one is a multiple
choice question.

• The total number of points per problem is

Problem # of
points

1 8
2 9
3 6
4 4

and the grade is computed as (total # points) /27 ⇤ 9 + 1.

✍✍
Some useful formulas

The mass of the thin-walled sphere, the thin disk and the rod shown below is M and
distributed uniformly. The moments of inertia about the axis (shown by the dashed-
dotted line) through their center of mass are:
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Problem 1 (8 points)
A thin ring of mass m and radius R is connected to a frictionless hinge by way of a
massless cross. The axis of rotation is perpendicular to the plane of the ring. The hinge
is at a distance d above the center of the ring, see figure (a).
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a. Determine the moment of inertia of the ring about the hinge.

b. Derive the equation of motion for small excursions ✓ of the ring around the equi-
librium position (indicated by the vertical dash-dotted line). Express the period in
terms of the quantities indicated in figure (a).

Next, consider the pendulum in figure (b), consisting of a point mass m on a massless
string with length l. The question we wish to address is if this simple pendulum can have
the same period as the ring in (a).

c. Show that the condition for which both periods are identical is a purely geometrical
one (i.e., it only involves quantities with physical dimension of length).

d. Not every ratio of d and R allows for a solution of this relation. What is the smallest
value of l/R for which the periods are the same? In that case, what is the value of
d/R?

Problem 2 (9 points)
A yo-yo consists of two disks connected by a cylindrical axle of radius r. An inextensible
string is looped around the axle from one end and held by hand on the other end. When
you let go of the yo-yo, it will start spinning under the action of gravity, will roll downwards
until the yo-yo reaches the end of the string and, if you do it well, the yo-yo will wind up
towards your hand. The mechanics of how this works is quite interesting. But let’s keep
it simple and just study what happens when the yo-yo is running down. We will assume
that the string remains vertical and neglect all possible sources of friction. The moment
of inertia of the entire yo-yo about the center of mass is I, its mass is m.
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a. Show that, at any moment, the relation between the rate of change of the position
z and the instantaneous angular velocity ! is given by

ż = r! .

b. Express the total kinetic energy of the yo-yo in terms of the downward velocity ż.

c. Use conservation of energy to show that the acceleration of the yo-yo is given by

z̈ = g

m

m+ I/r

2
.

d. Make a free-body diagram of the yo-yo and determine the tension in the string, S.

Problem 3 (6 points)
A solid sphere of radius R with a uniform mass m rotates
about a vertical axis with constant spin !. Two masses,
m/2 each, are placed close to the sphere opposite to each
other at an angle ✓ with the vertical axis (see figure). The
masses are at rest initially and are then stuck to the (spin-
ning) sphere. As a result, the spin vector will change.

a. Show that the moment of inertia of a solid sphere
through its center is equal to 2

5mR

2. Hint: make use
of the moment of inertia of a thin-walled sphere given
on the front page of the exam.

b. Determine the principal axes of the system
sphere+masses and demonstrate that the ratio be-
tween the largest and the smallest principal moment
of inertia is 7/2.

c. Compute the components of the spin vector with re-
spect to these principal axes after the masses have
been attached.

9.9 Exercises 423

(b) Consider now a planet with rotational symmetry around x̂3, such
as the earth which bulges at the equator due to the spinning. Using
the result of Exercise 9.35, show that the potential in Eq. (9.100)
can be written as

V (R) ≈ −GMm
R

− GM
2R3 (I3 − I)(1 − 3 cos2θ), (9.101)

where I ≡ I1 = I2, and θ is the angle that R makes with x̂3.

Remark: The second term here is known as the quadrupole term. In elec-
trostatics, a dipole consists of equal and opposite charges separated by some
distance d. At a given point far away, the forces from these two charges par-
tially cancel. But they don’t exactly cancel, because the electrostatic force
(which behaves like the gravitational force, with a 1/r2 law) depends on
the distance and direction to the charges, and the two charges are located at
different points. If two dipoles are oriented in opposite directions and then
placed side by side, a distance d apart (so that there are charges of q and −q
alternating around the corners of a square) then the forces from the dipoles
nearly cancel. But again, the cancellation isn’t exact, because the dipoles are
located in different places. This distribution of charge is called a quadrupole,
and it is similar to the situation with a spinning (and bulging) planet, because
such a planet consists of a spherical ball (which gives rise to the first term in
Eq. (9.101)), plus a region of “negative” mass superimposed on the ball at
the poles and a region of positive mass superimposed on the ball at the equa-
tor. Looking at the above square of charges from far out along the diagonal
containing the two negative charges is similar to looking at the earth from
far out along its rotation axis. ♣

Section 9.4: Two basic types of problems

9.37. Sphere and points *
A uniform sphere of mass m and radius R rotates around the vertical axis
with angular speed ω. Two particles of mass m/2 are brought close to the
sphere at diametrically opposite points, at an angle θ from the vertical,
as shown in Fig. 9.56. The masses, which are initially essentially at rest,
abruptly stick to the sphere. What angle does the resulting ω make with
the vertical? (If you want, you can check your answer by showing that
the θ that makes this angle maximum is sin−1 √

7/9 ≈ 61.9◦.)
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9.38. Striking a triangle **
Consider the rigid object in Fig. 9.57. Four masses lie at the points shown
on a rigid isosceles right triangle with hypotenuse length 4a. The mass
at the right angle is 3m, and the other three masses are m. Label them
A, B, C, D, as shown. Assume that the object is floating freely in outer
space. Mass C is struck with a quick blow, directed into the page. Let
the impulse have magnitude

∫
F dt = P. What are the velocities of all

the masses immediately after the blow?
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Problem 4 (Multiple choice questions: only give answers (A thru D), not reason why)
(2 + 2 = 4 points)

a. A weight is attached to the ceiling of a car by a string. When the car is at rest,
so is the mass and the string hangs vertically downward. When the car accelerates,
however, this is no longer the case, even when we neglect relativistic e↵ects.

Two observers, one inside the car and the
other by the side of the road, are somehow
measuring both the tension in the string and
the angle between the string and the vertical.
Which of the following statements should
they report? More than one answer is possi-
ble.

A) The tension in the string is the same for both observers.

B) The two observers measure di↵erent values of the tension in the string.

C) The angle observed by both observers is the same.

D) The angle observed by the two observers is di↵erent.

b.
A gyroscopic wheel is supported at one end and
while it spins about its axis, it precesses with an-
gular velocity ⌦. When you hang a weight on the
opposite side of the axle, as indicated on the right,
how does this a↵ect precession?

A) The precession frequency remains the same.

B) The precession frequency increases.

C) The precession frequency decreases.

D) The wheel tips over.

precession

✍✍
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Problem 1
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is obtained for l/R = 2, namely d/R = 1. 2

Problem 2

a. At any moment, the instantaneous velocity of the contact point is = 0 and just as
for a rolling wheel, the velocity of the center is just ! times distance. Q.E.D. 1

b. T = 1
2(m+ I/r

2)ż2. 2

c. z̈ = g
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Problem 3
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b. The x-axis along the line joining the two masses, and the y axis perpendicular to
this are principal axes, with corresponding principal moments

I

x

= (2/5)mR

2 and I
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2 + 2(m/2)R2 = (7/5)mR

2
,
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= 7/2 as required. 2
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Problem 4

a. A, C 2

b. B 2


